We shall show that the oscillations observed by Strichartz JRS92, Str90] in the Fourier transforms of self-similar measures have a large-scale renormalisation given by a Riesz-measure. Vice versa the Riesz measure itself will be shown to be self-similar around every triadic point.
1 The Cantor Measure
Let be the Cantor measure on ?1=2; +1=2]; that is the unique probability measure that satis es (in the sense of distributions) 3 (3x ? 1) + 3 (3x + 1) = 2 (x):
(1)
To justify (heuristically) that this equation actually de nes the Cantor measure consider the sequence of functions n+1 (x) = 3 2 n (3x ? 1) + 3 2 n (3x + 1); 0 = ?1=2;+1=2] : where I is the characteristic function of the interval I. Clearly R n = 1 so that each n (x)dx is a probability measure. It is plain that n is supported by some subset of ?1=2; +1=2] consisting of intervals of length 3 ?n?1 and that the support of n+1 is obtained by \throwing away" the middle third of each interval in the support of n . (See gure 2).
The limit measure thus satis es equation 1. This kind of equation is nowadays called a two-scale equation since it relates the large scales linearly to the small scales. On the other hand, consider its Fourier transform (for notational convenience we agree that (x) is to be understood in the sense of distributions)
A natural question might be how the self-similarity of the original measure can be recovered from its Fourier transform. From the two scale relation it follows easily that^ satis eŝ (!=3)(e i!=3 + e ?i!=3 ) = 2^ (!) and hence, upon iterating, we see that it is given by the in nite product
It converges uniformly on compact sets and represents an entire analytic function. Now have a look at gure 1. It shows that it is not obvious how to recover any self-similarity in the Fourier domain. However, as we shall see soon, a suitable renormalisation process links^ to the Riesz measures. Note however that it was shown by Strichartz in Str90, Str93] Continuing that way it is clear that c n+1 (k) = c n for jkj 3 n . Since the sequences are obviously uniformly bounded, this proves the weak convergence of the product (2). Since each nite product is positive, the limit is a measure. In addition we see at once from the iteration, that c n (3 k ) = 1 for each n > k which proves that the Fourier coe cients of f do not constitute a null-sequence.
For a proof that the Radon-Nykodim derivative of f with respect to Lebesgue measure is 0 almost everywhere we refer to Zyg68].
A renormalisation procedure
We now want to show that a renormalisation procedure links the Fourier transform of the Cantor measure to the Riesz-measure.
Let be a measure or a tempered distribution. We say that has a small scale renormalisation around 0 i there are two numbers > 1 and 2 C such that for some non-zero tempered distribution we have lim n!+1 n ( ?n t) = (t)
where the convergence is supposed to take place in the weak* topology. It has a small scale renormalisation around t 2 IR i ( ? t) has a small scale renormalisation around 0. Analogously we say that has a large scale renormalisation around 0 i lim n!+1
?n ( n t) ! (t):
In both cases we de ne the local self-similarity dimension as = log = log :
Clearly every homogeneous function t has a large and a small scale renormalisation with self-similarity dimension .
The renormalisation of the Riesz-measure
In this section we prove the following theorem which is similar in spirit to theorems about the existence of renormalisation proved in JRS92] From this it follows that the following limit holds in the topology of S(IR)
as n ! 1.
The second product converges in S 0 (IR) towards the Riesz-measure. Now using the hypo-continuity of the pairing S 0 (IR) S(IR) ! C, ( ; r) 7 ! (r) we see that in the limit we have lim
and the rst part of the theorem follows.
The proof of the second part is analogous and is left to the reader. u t
In gure 4 we have shown a draft of 1 + ! ln2=ln 3 f (!) in a log-log plot (the 1 is to avoid the large negative values of the logarithm). Note that the \density" of the measure f has a scaling behavior in the sense of the previous theorem. Thus the log-log plot should show a periodic function. This is the case as gure 4 shows. A similar numerical analysis can be found in BB95]. (1 + cos(3 j )):
By the preceding arguments it follows that the following limit holds uniformly on compact sets
which shows that F is locally self-similar around 0.
In precisely the same way we may treat the Fourier transform of the Cantor measure; that is we look at
As was observed by Strichartz, G has a scaling behavior as ! ! 1, namely G(!) ! ln 2=ln3+1 (see g 5 where we have shown the graph of G). In fact This shows that the large scale renormalisation of G coincides with the smallscale renormalisation of F.
